In the coming years, a new generation of high-power laser facilities (such as the Extreme Light Infrastructure) will become operational, for which it is important to understand how the interaction with intense laser pulses affects the bulk properties of relativistic electron bunches. At such high field intensities, we expect both radiation reaction and quantum effects to have a dominant role to play in determining the dynamics. The reduction in relative energy spread (beam cooling) at the expense of mean beam energy predicted by classical theories of radiation reaction has been shown to occur equally in the longitudinal and transverse directions, whereas this symmetry is broken when the theory is extended to approximate certain quantum effects. The reduction in longitudinal cooling suggests that the effects of radiation reaction could be better observed in measurements of the transverse distribution, which for real-world laser pulses motivates the investigation of the angular dependence of the interaction. Using a stochastic single-photon emission model with a (Gaussian beam) focussed pulse, we find strong angular dependence of the stochastic heating.
INTRODUCTION
The next few years will see next-generation high-power laser facilities (such as the Extreme Light Infrastructure (ELI) 1 ) become operational, delivering laser intensities well beyond those currently available. The extremely large fields generated by these pulses will allow new physical regimes, currently merely a playground for theorists, to be explored experimentally for the first time. In these regimes, it is expected that radiation reaction and quantum effects will not just be important, but will in fact dominate the dynamics.
It is well established that the motion of a moving charged particle can be described by the Lorentz force for a particle of mass m and charge q in an electromagnetic field F ,
where a dot represents differentiation with respect to proper time, s. However, an accelerating charge radiates energy (and momentum), and as it does it recoils in order to conserve energy and momentum, altering the particle's trajectory. This is the concept of radiation reaction and it is unaccounted for in the Lorentz equation above. In many cases, this effect is extremely small and can be safely neglected, however as we move to higher field stengths this is no longer the case.
Despite more than a century of investigation, radiation reaction remains a contentious area of physics. Perhaps the most rigorous classical description of radiation reaction for a point particle is that by Dirac, 2 which was based on earlier (independent) attempts to include the effects of radiation emission by Lorentz 3 and Abraham. Unusually, the resulting Lorentz-Abraham-Dirac (LAD) equation contains a third derivative (with respect to time) which permits so-called runaway solutions. These pathological solutions, for which a particle accelerates indefinitely without the action of a force, are unphysical and can be prevented only at the expense of violating causality. In this case, the particle may experience pre-acceleration and respond to a future force which has not yet acted on the particle. The recent review 5 describes these problems and proposed solutions in greater detail.
To avoid the pathologies found with the LAD equation, the most widely-used classical description was introduced by Landau and Lifshitz. 6 The radiation reaction (self-)force is treated as a small perturbation about the Lorentz force, 7 and terms are collected up to leading-order in the characteristic time, τ := q 2 /6πm, to give what is known as the Landau-Lifshitz equation:
where theẋ-orthogonal projection ∆
) is preserved so that the particle remains on shell. This classical equation has found significant use and there is mounting evidence to suggest that the theory is valid provided that quantum effects may be ignored. 8, 9 However, this will certainly not be the case at the extreme conditions expected at ELI, and in order to connect with experiment design we must attempt to describe some of these effects.
Quantum effects are typically considered to be negligible if the electric field observed by the particleÊ = γE is much less than the Sauter-Schwinger critical field 10, 11 typical of QED processes, E S = 1.32 × 10 18 V/m. In this case, the quantum nonlinearity parameter is small,
is the acceleration due to the Lorentz force only. ELI is expected to approach χ ∼ 0.8, where quantum effects will play an important part.
One issue with using the classical model when χ becomes large is that the theory considers radiation at all frequencies. Classically, there is nothing to prevent a particle radiating a small amount of energy at a high frequency, whereas in the quantum world an entire photon has to be emitted. This limits the available emission spectrum, since the particle can never radiate more energy than it actually has, such that classical theories overestimate radiation emission as quantum effects become important.
12 Provided parameters are used such that χ 2 1 and the system is in some sense weakly quantum, then a semi-classical modification to (2) could be made 13 and the emission reduced by scaling the radiation reaction force with a decreasing function of the quantum nonlinearity parameter, 14 g(χ). The full expression involves a non-trivial integral over Bessel functions, so instead we use the approximation introduced by Thomas et al.
Predictions using this semi-classical model can be compared to those obtained from the classical Landau-Lifshitz theory in order to explore the role of quantum effects in the weakly quantum regime which will be available at ELI.
In this paper, we focus on the reduction of beam cooling predicted by the semi-classical model 18 and the observation of a loss of symmetry, which motivates investigation of the interaction angle of a bunch colliding with a focussed laser pulse.
PARTICLE DISTRIBUTION FUNCTION AND PHASE SPACE CONTRACTION
The evolution of a particle distribution F (x, u) can be described by the Vlasov equation,
where V is the phase-space volume element, β s (x, u) describes the rate of change of V with proper time, and u a = (γ, u) is the 4-velocity. We introduce the (null) wavevector k a = (ω, k) and work with the phase η = * Note that other approximations are available, such as 16, 17 g(χ) = (1 + 18χ + 69χ
−k · x = ωt − k · x and Cartesian spatial coordinates (ξ, σ, ζ), along with the corresponding velocity components u η , u ξ and u σ . The final component is not independent, and can be found from the normalisation condition
For a plane wave with arbitrary polarisation, the electromagnetic field tensor F depends on spacetime only through the phase η and can be written
where , λ are the (transverse) polarisation vectors and the functions E ,λ (η) are dimensionless measures of the electric field strength. Similarly, we assume that the particle distribution also depends on spacetime only through the phase, such that F = F (η, u η , u ξ , u σ ) and the Vlasov equation becomes
where u I ∈ {u η , u ξ , u σ } and the accelerations A I ∈ {A η , A ξ , A σ } follow from the single-particle equations of motion. After division by u η > 0, the equation is expressed
It is the quantity β which is responsible for any expansion (β > 0, heating) or contraction (β < 0, cooling) of the distribution (and the associated change in entropy 19 ).
For the interaction of a highly relativistic particle bunch with an intense laser pulse, it is primarily the dependence of F on η and u η which is of interest. We therefore integrate out the transverse degrees of freedom 18 and define the longitudinal distribution,
which satisfies the reduced Vlasov equation
The quantity β describes the longitudinal phase space contraction, such that the transverse may be found as
To gain any further information, we must make a choice of single-particle equations of the motion to use. We begin by considering the Landau-Lifshitz equations (indicated byÂ) which in our coordinates may be written:
where
λ and prime denotes differentiation with respect to η. For the classical Landau-Lifshitz theory we therefore findβ
Since this is negative (semi-definite), any change to the distribution as the particles evolve must correspond to a cooling -a reduction in the relative energy/momentum spread of the particles. Moreover, we see that equal cooling occurs in the longitudinal and transverse directions. Let us now extend the classical theory for use in the weakly quantum regime and consider the equations of motion for the semi-classical model. This amounts to a rescaling τ → τ g(χ) in equations (12), specifically
Since in the plane wave we have χ = χ(η, u η ) = 3τ Eu η /2α (where α is the fine structure constant) the transverse contraction β ⊥ is simply scaled by g(χ); whereas, the longitudinal component picks up an additional contribution due to the derivative of g(χ):
Using the approximation for g(χ) given by (4), we find
which corresponds to heating. Thus, as the system becomes more strongly quantum, there is a general reduction to beam cooling due to g(χ) < 1; but there is also an additional reduction to the longitudinal cooling which breaks the symmetry between the longitudinal and transverse contributions. This reduction in longitudinal -by which we mean parallel to the laser propagation direction -beam cooling could be used to help inform experiments looking to measure the effects of radiation reaction. Varying the interaction angle of the incoming electron bunch and laser pulse, rather than having them meet head on, could help maximise any cooling signiture present in the final state. In order to investigate this, we must first address two limitations of the work so far: the plane wave approximation; and stochastic heating introduced when continuous classical emission is no longer applicable.
FOCUSSED LASER PULSES AND STOCHASTIC HEATING
While a useful tool for analytical studies, the plane wave approximation is rarely useful for comparison to experiment due to the strong focussing required to obtain high laser intensity. In addition, the concept of changing the interaction angle with a plane wave is not very intuitive. To overcome this, we instead consider the field tensor to have full spacetime dependence and write
where Φ is the scalar potential which is found using the Lorenz gauge condition (using a procedure similar to Harvey et al.
. For the following, we consider the circularly-polarised Gaussian laser beam described by
where a 0 is a dimensionless measure of the peak laser intensity, N is the number of cycles, z R = πw 2 0 /λ 0 is the Rayleigh length for a laser with wavelength λ 0 , and the waist is given by w(ζ)
2 with w 0 the radius at the position of the focus, ζ f . This is illustrated in Figure 2 for ζ f = 0.
In addition to using a focussed laser pulse in place of the plane wave, we move to a stochastic model for single photon emission based on the probability of photon emission derived from QED. 12, 21, 22 Starting from a large ensemble of initially-identical electrons (i.e. zero momentum spread), the random nature of the photon emission will cause the final properties to vary, depending on when and how much energy the electrons radiate. The final distribution is therefore expected to experience what is referred to as stochastic heating.
In order to look at the strength of the stochastic heating and its dependence on interaction angle, we consider an ensemble of 1000 relativistic electrons with initial Lorentz factor γ 0 = 500 colliding with a 10-cycle (27 fs) laser pulse with peak intensity I = 8.6 × 10 22 W/cm 2 and focussed waist w 0 = 2.5 µm at initial angle θ i ∈ {0
• , 30
A selection of example trajectories are shown in Figure 3 for four different θ i . We see that, for θ i = 0
• , it is common to have the electrons deflected into positive and negative angles, or even turned around completely, but as we move through to 60
• and beyond we favour increased angle.
The final properties of all of the electrons are then compiled to produce Figure 4 . The deviation angle ∆θ = θ f − θ i is plotted against final Lorentz factor γ f for each electron. Electrons that collide head on radiate most strongly, and emerge with an averageγ = 71 substantially lower than they started with. There is also no preference to scatter into ∆θ > 0 or ∆θ < 0, although most end up with −90
• < ∆θ < 90
• . We also see that, despite starting with zero energy spread, stochastic heating has caused a relative spreadσ = σ/γ 25% to develop.
As the initial angle is increased, the electrons tend to lose less energy and end up with largerγ. As well as a clustering around smaller ∆θ, there is also a clear preference for scattering into ∆θ > 0. This is due to the relative direction of laser propagation, as the electrons tend to be 'dragged' round by the laser. (Note that θ i < 0 leads to ∆θ < 0 dominating.) Finally, it is interesting to note that the maximum stochastic heating does not occur for electrons colliding head on, despite the maximal loss of energy. Instead, maximal heating is observed for around θ i 60
• . • . Dashed line indicates motion in a straight line, while grey shows the path of an electron follwing just the Lorentz force.
